We show for any orientable surface S of infinite type, any finite subgroup G of the mapping class group Mod(S) lifts to a subgroup of Homeo + (S).
Introduction
Let S be a connected orientable surface, denote its orientation-preserving homeomorphism group by Homeo + (S) with identity component Homeo 0 (S). Let Mod(S) := Homeo + (S)/Homeo 0 (S) be the mapping class group. We show:
Nielsen Realization Theorem 3.1. Any finite subgroup G of Mod(S) lifts to Homeo + (S).
For surfaces of finite type, this is known as the Nielsen realization theorem proved by Kerckhoff [3] .
For surfaces of infinite type, this is new to our best knowledge. Such surfaces and their automorphisms arise naturally in (complex) dynamics. A fundamental problem is to understand the types of mapping classes, such as to obtain a Nielsen-Thurston type classification. Our theorem provides a way to understand torsion elements.
For example: if S is a finite-type surface Σ minus a Cantor set, then any torsion element g ∈ Mod(S) is realized by a finite order homeomorphism on Σ preserving a Cantor set. See Theorem 3.2 for a concrete example classifying torsion elements in the case Σ = R 2 .
We would like to acknowledge that we learned from Carolyn Abbott that the results of this paper have been independently obtained by Rylee Lyman and Santana Afton by similar methods.
Classification of surfaces of infinite type
Connected surfaces of infinite type are classified by Richards [4] . For any orientable surface S, its topological type is determined by the genus (possibly infinite), the space of ends E S , and the closed subspace E g S ⊂ E S accumulated by genus. Here E S is a compact separable totally disconnected topological space, and the space E g S is empty if and only if the genus is finite.
Such a surface S has a nice representative as follows. The space E S can be realized as a closed subset of a Cantor set, and thus can be realized as a closed subset of the sphere S 2 . Choose a sequence of pairs of disjoint closed disks {D k } on S 2 \ E S so that a point in e ∈ E S is an accumulation point of a sequence of pairs of disks if and only if e ∈ E g S . Remove the interiors of the disks from S 2 \ E S and glue boundary components in pairs. The result is homeomorphic to S.
Each end e ∈ E S is represented by a nested sequence of connected unbounded regions P 1 ⊃ P 2 ⊃ · · · in S with compact boundary ∂P n , so that for every compact set K the intersection P n ∩ K is empty for sufficiently large n.
Two such sequences {P n } and {P n } are equivalent and represent the same end if for any n there is some N with P N ⊂ P n and vice versa. We say a region R ⊂ S contains e if P n ⊂ R for n sufficiently large, which only depends on the equivalence class.
Nielsen realization
We prove the Nielsen realization theorem for surfaces of infinite type. Together with the finite-type case, this yields: Theorem 3.1 (Nielsen Realization). Let S be an orientable surface. Then any finite subgroup G of Mod(S) lifts to Homeo + (S).
As an explicit example, if S has finite genus, then it is realized as Σ − E, where Σ is the closed surface with the same genus as S and E is a totally disconnected closed subset of Σ homeomorphic to the space of ends E S . In this case, Theorem 3.1 implies that any finite subgroup G of Mod(S) is realized by some G-action on Σ by homeomorphisms preserving E. This is because Homeo
where the latter denotes orientation-preserving homeomorphisms of Σ preserving E.
In particular, one can use Theorem 3.1 to classify torsion elements. Here we focus on an example, the case of S = R 2 −K, where K is a Cantor set. In this situation, the mapping class group acts faithfully on the conical circle S 1 C consisting of geodesics 2 (for a fixed complete hyperbolic metric on S) emanating from ∞; see e.g. [1, 2] . Thus each mapping class g has a rotation number, which can be read off from its action on a special subset of S 1 C , namely the short rays, which are proper simple geodesics connecting ∞ to some point in the Cantor set.
where K is a Cantor set. For each n ≥ 2, elements in Mod(S) of order n fall into 2ϕ(n) conjugacy classes, which are distinguished by the rotation number and whether the element fixes exactly one point in K or none. Here ϕ(n) is the number of positive integers up to n that are coprime to n.
Proof. Let g ∈ Mod(S) be an element of order n. Then the action of g on the conical circle S 1 C has rotation number m/n mod Z for some m coprime to n. By Theorem 3.1, we can realize g as someg ∈ Homeo + (S 2 , K ∪ {∞}) of order n. It is known that any finite order homeomorphism on S 2 is conjugate to a rigid rotation [5] and the quotient S 2 /g is still homeomorphic to S 2 . Considering the rotation number, we conclude thatg is conjugate to a rigid rotation by 2mπ/n, and there is exactly one fixed point p ∈ S 2 other than ∞.
We can put a Cantor set on S 2 invariant under a rigid rotation on S 2 by an angle of 2mπ/n fixing ∞ and p for any 1 ≤ m ≤ n coprime to n. We may or may not include the fixed point p in the Cantor set. Apparently this gives 2ϕ(n) different conjugacy classes in Mod(S) by looking at the rotation number and whether the fixed point p lies in the Cantor set.
Conversely, suppose we have two homeomorphismsg i on S 2 as above fixing p i = ∞ such that either both p i ∈ K or p i / ∈ K, i = 1, 2. Suppose further that they have the same rotation number m/n mod Z. Let q i : S 2 → S 2 /g i be the quotient map. Then q i (K) is still a Cantor set. Then there is a homeomorphism h : S 2 /g 1 → S 2 /g 2 taking q 1 (K) to q 2 (K). Moreover, in the case p i ∈ K i , we can choose h so that h(q 1 (p 1 )) = q 2 (p 2 ). Then h • q 1 : S 2 \ {∞, p 1 } → (S 2 /g 2 ) \ {q 2 (∞), q 2 (p 2 )} lifts to S 2 \ {∞, p 2 }, which extends uniquely to a maph : S 2 → S 2 . Thenh preserves the Cantor set K withh(∞) = ∞,h(p 1 ) = p 2 , and it fits into the following commutative diagram.
Fix a short ray r that passes through x 0 but not any x j for j = 0 such that {g j 1 r} n−1 j=1 are disjoint (except at ∞). Such a ray can obtained for instance by lifting a short ray on S 2 /g 1 . Then there is a permutation σ on {0, 1, . . . , n − 1} such thath(g j
2h (x) for all x on r and all 0 ≤ j ≤ n − 1. Sinceg 1 andg 2 have the same rotation number and h maps {g j 1 r} n−1 j=1 to {g j 2h (r)} n−1 j=1 preserving their circular order on the conical circle S 1 C , we must have σ = id andhg 1 (x 0 ) =g 2h (x 0 ). Since x 0 is arbitrary, we conclude that g 1 and g 2 are conjugate by the image ofh in Mod(S).
The basic idea to prove Theorem 3.1 for surfaces of infinite type is to apply the classical Nielsen realization theorem for surfaces of finite type to produce homeomorphisms realizing the G-action on larger and larger connected subsurfaces of finite type that exhaust the entire surface S.
At each step, for some subgroup H of G, we already have homeomorphismsh on S realizing the H-action on a subsurface Σ 0 and also some realization of an H-action via ρ(h) on a subsurface Σ essentially disjoint from Σ 0 . We would like to update the homeomorphismsh by an isotopy to homeomorphismsĥ without affecting the restriction to Σ 0 , so that we realize the H-action on Σ ∪ Σ 0 . This is done by the following lemma. 
For each boundary component C of Σ outside ∂ 0 Σ, fix a collar neighborhood N (C ) of C in S \ int(Σ) disjoint from Σ 0 . In the special case where C is also a boundary component of S, then let N (C ) = C .
Let Σ be Σ \ ∪H.N (C), where we take one C for each orbit of components in ∂ 0 Σ. Let Σ = Σ∪ (∪N (C )), where C ranges over all components outside ∂ 0 Σ; see Figure  4 { Figure 1 . This is an illustration of the subsurfaces Σ and Σ constructed from Σ by modifying collar neighborhoods of boundary components. Here C i 's are components in ∂ 0 Σ shared by Σ 0 and Σ, C i 's are the others, some of which such as C 2 could be the boundary of S.
1. Then there is a homeomorphism f : Σ → Σ that shrinks boundary components C in ∂ 0 Σ through N (C) and is the identity away from all N (C). Moreover, we can choose f carefully so that f |h
For each h ∈ H, defineĥ as follows. On the complement of int(Σ ), which contains Σ 0 , simply letĥ =h. On Σ , letĥ = f ρ(h)f −1 . It remains to extend the map over those collar neighborhoods. For each component C outside ∂ 0 Σ with N (C ) = C , since f is the identity on C , we haveĥ = ρ(h) on C isotopic toh and can extendĥ to N (C ) using an isotopy.
The extension to N (C) for components C in ∂ 0 Σ has to be done in an equivariant way to ensure that {ĥ : h ∈ H} restricts to an H-action on Σ. To accomplish this, note that by our assumption, for each H.N (C), the subgroup H C is a cyclic group with some generator h C such thath C and ρ(h C ) acts on C with the same rotation number. Thusĥ C also acts on f (C) with the same rotation number, and we can extendĥ C to N (C) using an H C -equivariant isotopy from an orbit ofĥ C on f (C) to an orbit ofh C on C and an extension of this isotopy to the complementary intervals. Now we are ready to prove Theorem 3.1.
Proof of Theorem 3.1. By Kerckhoff we assume S is of infinite type. Represent each end e of S by a nested sequence of unbounded regions P 1 (e) ⊃ P 2 (e) ⊃ · · · as in Section 2. We can make such a choice for each G-orbit of ends so that g(P k (e)) is isotopic to the corresponding region P k (g.e) in the sequence representing the end g.e. Realize each g ∈ G as some homeomorphism g (0) on S with id (0) = id S .
We will inductively construct connected subsurfaces Σ (1) ⊂ Σ (2) ⊂ · · · ⊂ S of finite type and a sequence of homeomorphisms g (1) , g (2) , · · · isotopic to g (0) for each g ∈ G with id (k) ≡ id S such that (1) {g (k) : g ∈ G} preserves Σ (k) and gives a G-action on Σ (k) with injective induced map G → Mod(Σ (k) ), (2) the restriction of g (m) on Σ (k) is g (k) for all m ≥ k, and (3) each component S of S \ Σ (k) satisfies e ∈ S ⊂ P k (e) for some end e and S is not annular. It follows that ∪ k Σ (k) = S and g (∞) := lim g (k) is a well defined element of Homeo + (S) for each g ∈ G, and they together give a realization of G in Homeo + (S). This will therefore complete the proof.
Suppose for some k ≥ 1 we have obtained the subsurface Σ (k−1) and homeomorphisms g (k−1) for all g ∈ G. In the case k = 1, let Σ (0) = ∅.
Since each g (k−1) preserves Σ (k−1) , it permutes the components of S \ int(Σ (k−1) ). Fix any component S and let H ≤ G be the stabilizer of S (as a component). We will find a connected subsurface Σ S satisfies e ∈ R ⊂ P k (e) for some end e and R is not annular. Given such a construction, we show how to obtain Σ (k) and g (k) . Fix coset representatives g 1 , . . . , g n for G/H. Then
is the orbit of S under the G-action on components. For each g ∈ G and each S i , let j be the index such that S j = g (k−1) S i , then there is a unique h ∈ H such that g = g j hg −1 i . Define the map g (k) on S i to be g
extending the H-action on Σ (k) S . Apply this to one S for each G-orbit of components of S \ int(Σ (k−1) ), let Σ (k) be the union of Σ (k−1) with all G.Σ (k) S , and let g (k) = g (k−1) on Σ (k−1) , then we obtained the desired subsurface and homeomorphisms. 6
The induced map G → Mod(Σ (k) ) is injective for k ≥ 2 since its restriction to Mod(Σ (k−1) ) is already injective. For k = 1, we have S = S, and the construction above can be done so that Σ (k) S is large enough to witness the non-triviality of the mapping classes.
Therefore the whole proof comes down to the construction of Σ S . Start with a compact connected subsurface Σ 0 of S with χ(Σ 0 ) < 0 such that Σ 0 ∩Σ (k−1) = S ∩ Σ (k−1) and every component of S \ Σ 0 is contained in P k (e) for some end e of S. This can be done since S is not annular by the induction hypothesis. For each end e of S inside S there is some i ≥ k such that S −P i (e) contains Σ 0 . By compactness of the ends, there is a finite collection P of such regions P so that S − ∪P is compact. Such a finite collection can be made H-invariant up to isotopy since H is finite. Moreover, when k = 1, we may choose Σ 0 large enough to witness the non-triviality of the mapping classes in G \ {id}.
Each S is a connected finite-type subsurface that is closed in S satisfying
S satisfies e ∈ R ⊂ P k (e) for some end e of S and R is not annular.
By the finite type Nielsen realization Theorem [3] , there is an H-action on Σ S preserving C is a cyclic group generated by some h (k) C with non-trivial rotation number since G injects Mod(Σ (k−1) ), and the subgroup of Mod(Σ (k−1) ) preserving C acts faithfully on the circle of rays starting from C (considered as an isolated end). Let H C ≤ H 7 be the corresponding subgroup and h C the generator. Then H C is also the subgroup consisting of h such that ρ(h) preserves C as a boundary component of Σ (k) S . Since Σ (k) S contains a subsurface Σ 0 with χ(Σ 0 ) < 0, its mapping class group preserving C also acts faithfully on the circle. The rotation numbers of h (k) C and ρ(h C ) on C should agree since both are determined by the rotation number of h C as a mapping class acting on the circle of rays.
Hence for any k ≥ 1 we can apply Lemma 3.3 to the subsurfaces Σ (k−1) , Σ 
